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Tolerance limits factors for
autocorrelated data

e tolerance limits for independent data,

e cffects of autocorrelation,

e modified factors.



Tolerance limits
X ~ N(p,o02)

lLLook for an interval I,
which covers proportion g of the r.v. X:

Px(Xel)2>q

1. p, 02 known

~ = (M ~ A(149)/2% BT Z(149)/2 0)

2. u,02 unknown

’\A,UJ—>X, o — 0, Z(l—l—q)/2 —7

Now:
. interval I, which covers proportion q
at given confidence level 1 — « :

Pgo2(Px(R—kG < X < X+k5) 2 ¢) >1-a



Determination of the

tolerance limits factor k

iid: 62 = S=2.
0. S.S.Wilks (1941/42)

1. A.Wald & J. Wolfowitz (1946):

n—1

2 )
Xn—l,a

T ¢<%+r>—¢<%—7‘> = q.

2. Improvements/modifications

k ~ r

Bowker (1946), Ellison (1964), Gardiner
& Hull (1966), Howe (1969), Faulkenber-
ry & Daly (1970)



. Numerical Methods (quadrature)

Odeh (1978), Odeh/Chou/Owen (1987),
Eberhardt/Mee/Reeve (1989)

. Tables:

Odeh/Owen (1980) — exact,
Montgomery (1996) — approximate
(Wald/Wolfowitz)

. Reviews:

Guenther (1972), Patel (1986)

. Autocorrelation:

Amin/Lee (1998/99)



Effects of autocorrelation 1
Amin/Lee (1998/99)

estimation of Var(X) — various 67

1=1
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Simulation Study
k= k(n,q,a) as Montgomery (1996),
simulation of AR(1) data,

Xt = pXy—1t+ et
et ~N(0,0° =1), E(ese;) = O,
sFEt

determination of estimators + interval,
again simulation of AR(1) data,

relative frequency of

"interval covers proportion q”
as empirical significance level,
comparison with the nominal level 1 — «.



Actual significance levels

actual coverage g = 0.95, nominal 1 — o = 0.95

e —

l — «o

1.0 —

0.8 -\

0.6 -

0.4 —

02—+ §2

10 20 30 40 50 60 70 80 90 100
7



Actual coverage proportion

nominal g = 0.95, actual level 1 — a = 0.95
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Modified factors

. Variance estimators: S2, 79, S2

. Computation of the
actual significance level n(k)
by using

Schoéne/Schmid (1997/99)| or |simulation

52 for — Ag, S2



n(k)

%

Computation of the
actual level for S?

X ) dsd )
/_OO /TQ(a:,q)/kQ fx.g2(x,8)ds dx

with r(z,q) : ®(z+7r) —P(z—7r) = ¢

mi/%/m (2, 5)
fe co(x,s)dsdx
= o, rf/kQ X,5

with —oco<zpg<z1< ... <2m <X

and r; =7 ((z; + z;41)/2,q) .

10



Goodness of approximation

L0 00

/—oo /r(aj)Q/kQ fX,SQ ('737 3) ds dx
T st
Tm r(x)2/k2fX752(x s)dsdzx

< / 0 fX'(iU) d:C—|—/ fX'(ZC) dr

Here: Ty = —Tm and

zo @ Fg(zg) <0.5- 10—7

+ large m (> 1000).
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Approximated level for S?2

1. Some arithmetics

=t

(k) = P(X € (zi,ziy1], 8% > r] /K?)

3

Q
I
o

-
=

I
(Y

= Y {Frei) - Fx(a) -
0

.

_ [FX',SQ(xi-Flv TzQ/k.Q) - F)Z',SQ(ajiv T?/kQ)] } .

2. Schéne/Schmid (1997/99)

PXSQ(|X|<QZ' 52 )

fit1,j (n+1) 2541
Z V27 2j +1 S

#38 (5) [ (75) ~= ()]
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Simulation

e 105..107 repetitions of (X,52),

e relative frequency of
"O(X+ ko) - D(X—kd)>q" ~ (k).
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Determination of k
Give ¢g,a and n.

For a specific variance estimator,
k as numeric solution of

n(k) =1 — « (regula falsi).

Choice of the appropriate
variance estimator

Performance measure: average interval width

(computation by using simulation)

Benchmark: 74

S*Q
1—-p

fyo — 27

1

n—1

5:2 — Z(X7 — pXi_l)Q .
=2
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Averagde interval widths of
various tolerance limits

coverage g = 0.95, level 1 — a = 0.95

average
width

16 —

14 —

12 —
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Robustness of k

coverage g = 0.95, level 1 — a = 0.95
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