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simultaneous charts for

mean and variance

Montgomery (1991),
Gan (1995),

Kanagawa and
Arizono (1997),

Mittag and
Stemann (1997)

control charts and
autocorrelated data

Goldsmith and
Woodward (1961),

Bagshaw and
Johnson (1975),

Nikiforov (1975/79),

Vasilopoulos and
Stamboulis (1978),

Alwan (1989),

MacGregor and
Harris (1993),

Amin, Schmid,
and Frank (1997),

198x, 199x ...

simultaneous & correlation
(Lu and Reynolds, 1999)

Knoth, Schmid, and Schéne (1998):
X—-S2 and X—R chart
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Change point model

target process {Y; ;}, observed {X; ;}

¢t — sample number, 5 number within the sample

(sample size n)

X; ;=

{Yz’,j , 1< g
2J

po+A(Y, ;j—po)+ayio ,i>gq

with change point ¢ and
po = E(Y; ), vo = Var(Y; ;).

>
HO , 1< q
E(X; ;) = { _
po+a\/vo ,t2>gq
Y0 , 1 < q
VCL’I“(XZ',]') — 5 .
A Y0 y 1 Z q



EWMA chart (iid)

= (=2 Zg; 1+ X,

Zyo = Eo(X) = po,

(1-X2)Zg2; 1+ X257,

Zs2 4 Eo(5%) = 1o,

[ —
T =inf {ie]N: Z)—g,i—,uo‘ > Tiid > 1)\ Vv Vare(X)
— A1

A
or Zis2i =0 > Siid | 2 \/VGTO(SQ)
’ 2 — X

(one—sided for the variance !l)




Average Run Length — ARL

e Most popular performance measure of control charts

"expectation of the stopping time 7"

1. in—control
<+g=oc0 Or a=0and A =1:

Eq(T)

2. out—of—control
<+q=1 and a#0or A#*1:
Eq1(T)

further:
conditional, steady—state delays, quantiles ...



Autocorrelation model

(Y; ; — target process)
independence between samples

Yi:(Y;:,layé,Qa"-aYi,n), , 1 =1,2,...

dependence within the sample: AR(1)

Yi; = po+a(Yij_1—po)+eij,

1=1,2,...,n,
o] <1,

ei; ~N(0,08) (iid).

E(Yz,j) — MO

Var(Y; ;)



Influence of the autocorrelation
coefficient o« on the ARL

T A A A
—-0.8-0.6-0.4-0.2 0.0 0.2 0.4 0.6 0.8

--------- Shewhart — EWMA
A1 =0.1=X\>
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Main concepts of control charts for
correlated data

start with fit of appropriate time series
model — here AR(1)

modified charts residual charts

adapt model residuals are iid and

variance and critical value o _
the empirical residuals as

— correct in—control ARL well (starting problems)
| J
transformed threshold for classical charts on
original data transformed data

special case:
cusum charts of Nikiforov (1975/79), Schmid (1997)



Modified X—S?2 EWMA chart I
adapted moments

with autocorrelation function
Yh = Covo(X; j, X; j4+h)

Varg(X) = % > (1—%> Vi s

Eo(S?)

I
2
o

I

Varo(S?) =

n

2 2
oy | 2 T (ZW) s (Z %J‘)

v,j=1 v=1 \y=1 v,7=1

(assuming normality)
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Modified X—S? EWMA chart IT
adapted critical values

prespecify in—control ARL — determine
related critical values (xm, sm)

1. approximate ARL using Markov chain ap-
proach (Brook/Evans 1972):
e 2dimensional chain

e transition probabilities:
joint distribution of (X, S2)
~» Schone/Schmid (2000)

V2m 25+17"
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2.

4.

additional condition:

univariate charts — same ARLS

. two nonlinear equations,

two unknown parameters

— solution by 2dimensional secant rule

In study:

maximal dimension ~ 1600 = 40 - 40.
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X—S52 EWMA residual chart I
standardized residuals — AR(1)

(X — observed, Y — target)

Eo(&ij)

Eo(5?)

2

~

— Xij

J

\/Varo i — Ai,j)

M0
po + o (Xij—1 — po)

,J=1
,J>1

Y0
o

{ A (Yi1 — po) + a0

Y

Y

,J=1
,J>1

,J=1

Asi,j+a\/%(1—a)

n
1 —~
~ 2 _
— E &ij, S
n 1

,J>1

J=1

0 , Varo(é;) = 1/n,

1, Vare(5?) = 2/(n—1).
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X—S? EWMA residual chart IT
computation of the ARL

. Gan (1995): ~ Waldmann (1986)
Runger and Prabhu (1996)

. here:

o0
Eo(miv) = Po(Thin > 1)
i=0

o
= ) Po(m1> i) X Po(r2 > 1)
=0

Q

0.8}
> piPi1xpyPhl
i=0

O
= piZp> ,Z =) P11 (P’
i=0
Z, solves matrix equation

Z=11+P,ZP,

or equivalent Sylvester matrix equation
I-P)1'Z+ZP,I1-P,) !

= I-P)t1177@-PyH) L.

(Morais and Pacheo 1999: truncating)
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Comparison Study

0,

=
o
|

qg = 1,
—  Xij = AY;jt a0,
Jg = aYij 1Té€;.
a € {0,.25,...,1.5,2},
A € {1,1.1,...,1.5,1.75,2}.

500.

Eo(T)
A € {.05,.1,.25,.51.}.

(n,a) = (5,.3),(10,.5),(10,-.5).

Monte Carlo with 109 repetitions.
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Optimal (A1, A2) and related ARLs
a=5b,n=>5

Modified chart

a
A 0.00 0.25  0.50 0.75 2.00
4159 14.21 7.67 1.68
1.00 | 500 (5 5) (1,05 (25.05 (1...05)
10| 6400 3181 13.42 7.38 1.70
' (1..05) (.05,.05) (.1,.1) (.25,25) (1...05)
oo | 2359  19.63 11.66 6.89 1.71
' (1.,.05) (.1,.05) (.1,.1) (.25,.25) (.5,1.)
o | 248 244  2.37 225 1.47
- (1..25) (1..25) (1..25) (1..25) (1..5)
Residual chart
a
A 0.00 0.25  0.50 0.75 2.00
41.31 14.17 7.68 1.69
1.00 | 500 o51) (11) (251 (1.1.)
10| 5940  31.08 13.32 7.36 1.70
' (1.,.05) (.05,.05) (.1,.25) (.25,.25) (.5,1.)
oo | 2194 1870 11.37 6.78 1.71
' (1..05) (.1,.05) (.1,.1) (.25,25) (.5.1.)
o0 | 230 227  2.21 2.09 1.42
' (1.,.5) (1.,.5) (1.,.5) (1.,.5) (1.,.5)
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conclusions

pure shifts: both schemes act similarly,
aT = optimal A\; 1

A =2 — overall \; =.25/.5,
a=0— overall A1 =1

A > 1: residual chart performs better

modified chart:
1. more attractive for practitioner,

2. extremely time—consuming determination of
critical values,

3. worse performance.

residual chart:

1. more artificial appearance,

2. quick determination of critical values,
3. better performance.

as usual, EWMA is better for small changes than
Shewhart (A = 1) chart.
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Example

Shewhart (1931): 204 measurements of electrical re-
sistance (in Megohms)

51 (rational) subgroups with size 4

T = 4498, s = 215000

Wieringa (1999): a = 0.55

204 m. as prerun, daily sampling scheme of sizen = 4

independence between days,
AR(1) with a = 0.55 within day

assuming iid and in—control ARL 370, A1 = X>» = 0.1

a
o) 1
1 | 370.0 11.06
1.3 | 14.85 8.41

with ARLS
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EWMA scheme
iid

Zx./ 103
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EWMA scheme

modified
ZX-,t/103
4.9
4.7 —
4.5 —
4.3 —
______________________ mod
4.1 —
I B B T ] ¢
20 40 60 80
ZS2,t/1O6
......................................... - Mod,
0.2 = R E mod. *
0.1 —
T T t
20 40 60 80
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EVWMA scheme
residual

N

o
~

© o o
» O ©

[
© oo o000
0o o A NON

20 40 60 80

N
Uy

N
-

3.5 —
3.0 —
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related ARLS

ideal
a
0 1
A 1 370.0 11.06
1.3 | 14.85 8.41
actual
a
0 1
A 1 71.22 10.60
1.3 | 27.17 9.89
modified residual
a a
0 1 0 1
1 375.7 20.64 A 1 370.3 21.49
1.3 | 17.85 11.98 1.3 ]| 14.84 10.91

MC with 10° repetitions
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